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Abstract In the paper, we study the dynamics of pla-
nar n-gons, which can be considered as discrete models
of threads. The main result of the paper is that, un-
der some weak assumptions, these systems are not inte-
grable in the sense of Liouville. This holds for both com-
pletely free threads and for threads with fixed points
that are placed in external force fields. We present suffi-
cient conditions for the positivity of topological entropy
in such systems. We briefly consider other dynamical
properties of discrete threads and we also consider dis-
crete models of inextensible yet compressible threads.
Keywords Inextensible thread · Non-integrability ·
Topological entropy · Discrete model · Planar linkage
1 Introduction
The study of the motion of a flexible inextensible thread
has historically been a popular mechanical problem (see,
for instance, the classical book by P. Appell [1]). The
importance of this topic stems from the role that threads,
tethers, ropes, chains and other string-like elements play
in a wide range of industrial applications. During most
of the twentieth century, these elements were commonly
used in light and marine industry and in instrument en-
gineering [2,3,4,5,6,7,8,9]. Later, in the second half of
the twentieth century, it became understood that teth-
ers can be also useful in space applications [10,11,12,13,
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14,15,16,17,18,19,20]. Here, it is worth mentioning the
monographs by one of the pioneers in this area, V.V.
Beletsky with co-authors [21,22,23]. Recently, interest
in studying thread dynamics has been revived by the
so-called ‘chain fountain’ [24,25,26,27].
Usually a thread is considered as an infinitely di-
mensional system. Therefore, its purely dynamical be-
havior is difficult to study and only stationary or quasi-
stationary configurations can be considered analytically.
Moreover, rigorous study of thread dynamics inevitably
leads to the consideration of generalized solutions, which
is caused by the singularities (cusps) that may appear
during the motion of a thread [28].
In this paper, we consider finite dimensional pla-
nar models of threads and we present some qualita-
tive results concerning the essentially dynamical prop-
erties of the systems. In most of our results on the non-
integrability, we do not assume that the threads are
free and move by inertia: we consider threads both in
external force fields and threads with fixed points. Even
though our models are finite, we do not impose any lim-
itations on the number and the masses of the elements
that make up our system.
To be more precise, we will consider the following
model of an inextensible and incompressible thread: a
finite number (n) of rigid segments of equal lengths l;
the segments form a broken line and are connected by
planar hinges; and, masses m1, . . . ,mn+1 are located in
the endpoints of the segments. It is possible to consider
threads with fixed points and threads that form closed
contours. In the latter case, the first mass point always
coincides with the last one. We will also briefly consider
discrete models of compressible threads, which will be
specified below.
Our model of an incompressible thread could be
called ‘a Poinsot thread’ after Louis Poinsot, who pro-
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posed to consider rigid balls strung on a thread to give
an interpretation for negative tension that may occur
in some equilibrium configurations of a flexible thread
[1].
As mentioned earlier, it is possible to consider vari-
ous constraints imposed on a thread. For instance, one
can fix some points of the system. The following five
configurations can be considered as basic from the point
of view of possible applications:
(i) A thread with fixed endpoints (broken line with
fixed points),
(ii) A closed thread with a fixed point (n-gon with a
fixed point),
(iii) A closed thread (planar n-gon),
(iv) A thread with one fixed endpoint (n-link pendu-
lum),
(v) A free non-closed thread.
All these systems can be considered as free, in the
sense that there are no external forces acting on the
system, and as threads in external potential force fields.
One can also assume that there are internal forces act-
ing between the masses or the segments of the thread.
For instance, these forces can model various elastic prop-
erties of our mechanical system.
The topology of the configuration space of the cor-
responding discrete system will play a key role in our
considerations. For cases (iv) and (v), the structure of
the configuration space can be easily understood: it is
either an n-dimensional torus, or a direct product of an
n-dimensional torus and a group of parallel translations
of the plane (which is isomorphic to R2). When these
systems move by inertia (i.e., the only forces acting on
the system are the forces of reaction), we have natural
Noetherian first integrals. In case (iv), this first inte-
gral is the kinetic moment w.r.t. the fixed point. The
configuration space obtained after the corresponding re-
duction is an (n−1)-dimensional torus. In case (v), the
group of symmetries coincides with the symmetries of
the Euclidean plane and we have three Noetherian inte-
grals. After the reduction, we again obtain a system on
an (n− 1)-dimensional torus. For the cases (i) — (iii),
that will be our main objects of study, the topology of
the configuration space can be more complex.
The rest of this paper is structured as follows. First,
we recall some results on the integrability of Hamilto-
nian systems and we present auxiliary results concern-
ing the topology of planar n-gons. In the next section,
we show that threads described by models (i) — (iii)
are not integrable in the class of real analytical func-
tions provided that some natural assumptions hold. We
also present some geometrical results concerning the
dynamics of these systems. Then, we discuss the ques-
tion of the positivity of the topological entropy for our
models. In the conclusion, we briefly consider several
related problems, including possible generalization of
our results to higher dimensions and possible models
for compressible threads and their properties.
2 Auxiliary results and definitions
2.1 Integrability and non-integrability
A triple (S, ω,H), where S is a 2n-dimensional smooth
manifold, ω is a symplectic structure on S and H : S →
R is a smooth function, is called a Hamiltonian system.
A smooth function F : S → R is called a first integral
of the system (S, ω,H) if
{F,H} ≡ 0.
Here {·, ·} is the Poisson bracket corresponding to the
symplectic structure. We say that system (S, ω,H) is
Liouville integrable (or simply, integrable) if
1. There are n first integrals F1 = H, . . . , Fn : S → R;
2. These functions are independent, that is, almost ev-
erywhere on S, 1-forms dF1, . . . dFn are linearly in-
dependent;
3. {Fi, Fj} ≡ 0 for any i and j.
Everywhere below we will consider analytic Hamilto-
nian systems: manifold S is an analytic manifold, H
is a real analytic function. The system is analytically
integrable if all of the functions Fi are analytic.
In our considerations, we will assume that S is a
cotangent bundle of an n-dimensional manifold M , that
is, S = T ∗M . By q we will denote local coordinates on
M and by p we denote local coordinates on TqM . In
particular, in these coordinates the Poisson bracket has
the standard form
{F,G} =
n∑
i=1
(
∂F
∂qi
∂G
∂pi
− ∂F
∂pi
∂G
∂qi
)
.
A more detailed exposition of Hamiltonian mechanics
can be found, for instance, in [29,30]. The problem of
integrability of Hamiltonian systems is discussed in de-
tail in [31].
The main tool that will be used here to prove the
non-integrability of our system is the following theorem
of I.A. Taimanov on the non-integrability of geodesic
flows [32,33].
Theorem 1 Given a geodesic flow on an n-dimensional
closed analytic manifold M with an analytic Hamilto-
nian function H : M → R. If
dimH1(M,Q) > n, (1)
then there are no functions F2, . . . , Fn : M → R such
that for some energy level F1 = H = const > 0 we have
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1. Functions F1, . . . , Fn are analytic and {Fi, Fj} = 0
for any i, j in a neighborhood of the level set H =
const;
2. Differentials dF1, . . . , dFn are linearly independent
on H = const.
As a corollary from this theorem, we obtain sufficient
conditions for non-integrability of so-called natural Hamil-
tonian systems. Let us recall that the system is called
natural if its Hamiltonian has the form
H(p, q) = H2(p, q) +H0(q) =
n∑
i,j=1
gij(q)pipj +H0(q),
(2)
where H2 is a positive definite quadratic form in p (ki-
netic energy). In accordance to the Maupertuis prin-
ciple, projections of the solutions of this system onto
M can be considered as geodesics of the Jacobi met-
ric. To be more precise, consider level set H(p, q) = h,
where h > maxH0. The trajectories of the system with
the Hamiltonian function H on the level H = h then
coincide with the trajectories of the system with the
Hamiltonian function H˜
H˜ =
n∑
i,j=1
gij(q)
h−H0(q)pipj
on the level set H˜ = 1. Moreover, if the original Hamil-
tonian system has a first integral F on a level setH = h,
then the corresponding geodesic flow of the Jacobi met-
ric has a first integral F˜ on T ∗M (possibly, except for
the set H˜ = 0) and
F˜ (p, q) = F
 p√
H˜(p, p)
, q
 .
Corollary 1 Given an analytic manifold M such that
condition (1) holds and a natural Hamiltonian system
on T ∗M . Then, this system cannot be analytically in-
tegrable.
Indeed, if we have n first analytic independent integrals
F1, . . . , Fn for the natural Hamiltonian system, then we
obtain functions F˜1, . . . , F˜n satisfying the conditions of
Theorem 1.
Theorem 1 can also be applied to more general Hamil-
tonian systems. Let us have a system with an analytic
Hamiltonian function H
H = H2(p, q) +H1(p, q) +H0(q), (3)
whereH2 andH0 coincides with the corresponding terms
in (2) and
H1(p, q) =
n∑
i=1
bi(q)pi.
We will say that system (3) is integrable in the class of
polynomial in p first integrals with independent highest
degree terms if there exist n first integrals Fi : T
∗M →
R (F1 = H) of the form
Fi(p, q) = F
mi
i (p, q) + F
mi−1
i (p, q) + . . . F
0
i (q),
where Fmii , F
mi−1
i , . . . F
0
i are homogeneous in p ana-
lytic polynomials of degrees mi,mi−1, . . . 0 correspond-
ingly, {Fmii , Fmjj } ≡ 0 for any i and j, and dFm11 , . . . dFmnn
are linearly independent almost everywhere.
Corollary 2 Given an analytic manifold M such that
condition (1) holds and a Hamiltonian system on T ∗M
with the Hamiltonian function (3). Then, this system
cannot be integrable in the class of polynomials in p
with independent highest degree terms.
The proof directly follows from the fact that the
highest degree terms Fm11 = H2, . . . F
mn
n are first inte-
grals for the geodesic flow with Hamiltonian H˜ = H2.
It is worth mentioning here that all of the known in-
tegrable mechanical systems are integrable in the class
of polynomial first integrals with independent highest
degree terms.
2.2 Topology of linkages
In this section, we present the results on the topological
properties of planar linkages (see, for instance, [34,35]).
Let us have n planar segments with lengths l1, l2,
..., ln, which form a closed polygon. In the following
we assume that for the lengths the following condition
holds
n∑
i=1
liνi 6= 0, for any νi = ±1. (4)
We will denote the configuration space of the poly-
gon, viewed up to isometries of the Euclidean plane, by
M˜ :
M˜ = {(u1, ..., un) ∈ S1 × ...× S1 :
n∑
i=1
liui = 0}/SO(2).
(5)
Equivalently, we can consider our n-gon with one of
its sides fixed: the configuration space of this system
naturally coincides with M˜ .
Theorem 2 M˜ is an analytic closed orientable mani-
fold of dimension n− 3.
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Remark 1 When condition (4) does not hold, there are
a finite number of singularities on M˜ that correspond
to the collinear configurations of the linkage. Note that
this condition holds for a generic set of lengths.
Definition 1 Given a polygon with lengths l1, l2, ..., ln,
we call a subset of its sides J = {i1, i2, ..., ik} short when∑
i∈J
li <
∑
i 6∈J
li.
In the following, we will use the following result on
the topology of the configuration space of a linkage.
Theorem 3 Given a planar polygon satisfying (1), let
li be a side of the maximal length (i.e., li > lj for any
j), for every k ∈ {0, 1, ..., n − 3}, the homology group
Hk(Ml;Z) is a free Abelian group of rank ak + an−3−k,
where ak denotes the number of short subsets of k + 1
elements containing li.
Corollary 3 Let n = 2r+1 and for all i we have li = 1.
Then
bk(M˜) =

Ckn−1, for k < r − 1,
2Cr−1n−1, for k = r − 1,
Ck+2n−1, for k > r − 1.
(6)
The following result on the fundamental groups of
planar polygons will be used when we will discuss topo-
logical entropy. The proof can be found in [36] (see also
[37], where the same technique has been used to calcu-
late the fundamental groups for more complex types of
planar linkages).
Theorem 4 Let us have a planar polygon and either
li = 1 for all i, or li = 1 for 1 6 i 6 n− 1 and ln = l,
where 1 6 l < n − 1, n > 7 and condition (4) holds.
Then
pi1(M˜) ∼=
〈
a1, . . . , an−1
∣∣∣∣∣ ak, if {k, n} is not short[ai, aj ], if {i, j, n} is short
〉
(7)
where [ai, aj ] = a
−1
i a
−1
j aiaj.
In other words, we have a free group with generators
a1, . . . , an−1 and we put ak = 1 if {k, n} is not short
and we put [ai, aj ] = 1 if {i, j, n} is short.
3 Non-integrability
In this section we study the non-integrability of mod-
els (i)–(iii). For each of these models, we consider two
classes of systems, which are different from the dynam-
ical point of view:
1. A natural Hamiltonian system. In this case the Hamil-
tonian of the corresponding thread has the form
H = H2(p, q) +H0(q), (8)
where H2(p, q) is a quadratic positive definite form
in p, i.e., H2 is the kinetic energy; p = (p1, . . . pk)
are the generalized momenta and q = (q1, . . . , qk)
are the local coordinates on the configuration space
of dimension k and H0(q) is a function on the con-
figuration space which corresponds to the potential
forces acting on the system. These forces include
both external and internal forces, i.e., for instance,
it can be an external force field of gravity or restor-
ing forces caused by the springs located in the joints
of the thread. A free thread moving by inertia can
be considered as a natural system such that H0 ≡ 0.
2. A Hamiltonian system with gyroscopic forces. The
Hamiltonian has the form
H = H2(p, q) +H1(p, q) +H0(q), (9)
where H1(p, q) =
∑k
i=1 bi(q)pi and H2 and H0 are
defined as above. The term H1 corresponds to so-
called gyroscopic forces. For instance, it can be mag-
netic forces acting on the thread.
3.1 A thread with fixed endpoints
Consider the following natural model of a thread with
fixed endpoints: a collection of n rigid planar segments
of the same length, the segments are pairwise connected
by joints at their endpoints and form a planar broken
line between two fixed points. Without loss of the gener-
ality we can assume that all segments have unit length.
We will denote the distance between the fixed points
by l and assume that l < n and l /∈ N. Then (4) holds
for the closed (n+ 1)-gon such that l1 = . . . ln = 1 and
ln+1 = l (Fig. 1).
The above specifies the kinematics of the thread. Its
dynamical behavior is determined by the distribution
of mass of the thread and by the forces acting on the
system.
We assume that all mass of the thread is concen-
trated in the joints, i.e., there are n− 1 masses mi > 0
such that the i-th mass is located in the joint between
the i-th and the (i+ 1)-th segments of the broken line.
We do not consider mass points at the fixed points since
they do not affect the dynamics of the system. When
the thread is homogeneous it is natural to assume that
mi = mj for all i and j.
Everywhere below we assume that the thread moves
without friction and the system is Hamiltonian. Let the
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Fig. 1 An example configuration of an inextensible and in-
compressible thread with fixed endpoints (model (i)).
system have k degrees of freedom, that is, the dimension
of the configuration space equals k.
Consider the closed polygon such that one of its
sides has length l and all other sides are of unit length.
From Theorem 2 we obtain that k = n− 2. Therefore,
we assume that n > 4, since all one-dimensional cases
are trivially integrable.
Let us now calculate the first Betti number of this
space.
Proposition 1 If 0 < l < 1, then
b1(M) =
{
n+ 4, if n = 4, 5
n, if n > 5.
If 1 < l < n−2, l /∈ N, then for n > 4 we have b1(M) =
n and for n = 4 we have b1(M) = 8. If n − 2 < l < n
then b1(M) = 0.
Proof The proof is a direct calculation based on The-
orem 2. If 0 < l < 1 and n = 4, the total number
of elements in the thread is 5, we have a1 = 4 and
b1 = a1 + a1 = 8. Similarly, if 0 < l < 1 and n = 4
we have a1 = 5 and a2 = 4, b1 = a1 + a2 = 9. If
1 < l < n − 2 and n = 4, then a1 = 4 and b1 = 2a1. If
1 < l < n − 2 and n > 4, then a1 = n and an−3 = 0,
b1 = n. Finally, for n− 2 < l < n we obtain b1 = 0.
We see that (1) holds for all n and for all l < n − 2.
From Corollary 1 we have
Proposition 2 Let 0 < l < n − 2 and l /∈ N, and the
Hamiltonian function (8) of the system is an analytic
function, then the system is not analytically integrable.
Proof Indeed, dim(M) = n− 2 and b1(M) > n.
Similarly, from Corollary 2, we have
Proposition 3 Let 0 < l < n − 2 and l /∈ N, and the
Hamiltonian function (9) of the system is an analytic
function, then the system is not integrable in the class of
polynomials in p with independent highest degree terms.
In other words, the system of a discrete thread be-
tween two fixed points cannot be analytically integrable
for l < n − 2. This holds for a free thread and for a
thread in external or internal force fields. In particular,
if we have a thread in a gravity field, then this system is
not analytically integrable. If we add a magnetic forces
to the system, then this system cannot be integrated in
the class of polynomials in p with independent highest
degree terms.
Note that for large n, that is, when the discrete
model of a thread is relatively fine, the condition l <
n− 2 holds for the most part of the distances between
the fixed points. This statement should be understood
in the following sense. We can assume that the total
length of the thread is fixed and equals 1. In this case,
we can rescale the lengths of the segments and assume
that each segment has length 1/n. Therefore, the sys-
tem cannot be integrable provided that the distance
between the fixed points is less than (n− 2)/n, i.e., the
measure of distances for which the system can possibly
be integrable tends to zero as n tends to infinity.
For n = 4 we have a system with a two-dimensional
configuration space and in this case the non-integrability
follows directly from the result for natural Hamiltonian
systems with two degrees of freedom [38]. The proof of
this result is based on the existence of a large number of
unstable periodic solutions. The asymptotic surfaces of
these solutions intersect and form a complex net such
that the additional first integral has a constant value
at all points of this net. Therefore, taking into account
the fact that this integral is analytic, we obtain that
this function is a constant.
From the above result on the non-integrability of
a thread with fixed endpoints we can obtain the non-
integrability for more complex systems having this non-
integrable thread as a subsystem. To be more precise,
let us have a system such that its configuration space
is a direct product of M , the configuration space of a
non-integrable thread, and K, a k-dimensional analytic
manifold. If b1(K) > k − 1, then analytic Hamiltonian
system with configuration space M ×K cannot be in-
tegrable. Indeed, from the Ku¨nneth theorem, we have
b1(M ×K) = b1(M) + b1(K) > n+ k − 1.
Obviously, dim(M ×K) = n+ k − 2 and condition (1)
holds. As an example we can consider a non-integrable
free thread with a k-link pendulum attached to one of
the moving joints of the thread. The configuration space
of the pendulum is a k-dimensional torus and b1(Tk) =
k.
In conclusion of the section, we present a geometri-
cal result concerning the dynamics of the thread in the
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most general case, that is, in the presence of potential
and gyroscopic forces.
First, we shortly recall the correspondence between
the Hamiltonian and Lagrangian approaches to the dy-
namics of mechanical systems. Given a Hamiltonian
function of the form (9), we can obtain a Lagrangian L
by means of the Legandre transformation:
L(q, q˙) = q˙ · p−H(p, q), q˙ = ∂H
∂p
.
In the new variables (q, q˙) we have
L(q, q˙) = L2(q, q˙) + L1(q, q˙) + L0(q), (10)
where, again, L2(q, q˙) is a quadratic positive definite
form in q˙ and L1(q, q˙) is linear in q˙. The dynamics on
the tangent bundle TM is defined by the corresponding
Lagrange equations.
Proposition 4 Given a Lagrangian system with La-
grangian (10) and an energy level h > max
M
(−L0), then
any two configurations q0, q1 ∈ M of the thread can be
connected by a solution with energy h provided that
4(h+ L0)L2 > L
2
1 (11)
for all (q, q˙) on the corresponding energy level.
Proof In accordance to the Maupertuis principle, a path
γ : [t0, t1] → M is a trajectory of a solution of the La-
grangian system iff γ(t) is a critical point for the func-
tional F
F (γ) =
t2∫
t1
(2
√
(h+ L0(γ))L2(γ, γ˙) + L1(γ, γ˙)) dt
in the class of all paths of fixed energy h [29]. If in-
equality (11) holds, then F defines a Finsler length on
M [39,40]. From the Hopf-Rinow theorem for Finsler
manifolds [39,40], we have that any two points of M
can be connected by a Finsler geodesic. This geodesic
corresponds to the desirable solution.
3.2 Closed threads
In this section we will consider models (ii) and (iii). To
a large degree they are similar and both these models
will be shown to be non-integrable. However, for model
(iii), we will impose some additional conditions to prove
the non-integrability.
Consider a closed n-gon assuming that all its sides
have the same unit length and n is an odd number
n > 5. Then (4) obviously holds. We also assume that
one of the points of the n-gon is fixed and there are
n− 1 masses mi located in all non-fixed vertices of the
n-gon (Fig. 2). Note that we allow self-intersections dur-
ing the motion of the n-gon. Similarly to the case of a
thread with two fixed points, we assume that all forces
acting on the system are potential and the system is
Hamiltonian with the Hamiltonian of the form (8).
Proposition 5 Let the Hamiltonian function (8) of the
system be an analytic function. Then the system is not
analytically integrable.
Proof The configuration space M of the system is the
direct product of a one-dimensional circle and M˜ and
has dimension n− 2. From Corollary 3 we obtain that
b1(M˜) = n− 1. Therefore, b1(M) = b1(M˜) + 1 = n and
we can apply Theorem 1.
Similar result holds for the system with gyroscopic
forces.
Proposition 6 Let the Hamiltonian function (9) of the
system be an analytic function. Then the system is not
integrable in the class of polynomials in p with indepen-
dent highest degree terms.
Again, the system has the Hamiltonian function of
the form (8) when we consider a totally free thread,
that is, there are no external or internal forces acting
on the system, except for the forces of reaction. Also,
we can consider a thread in an external force field or a
thread with interactions between its elements.
Let us now consider a closed thread without a fixed
point, that is, a planar n-gon with the sides of unit
length and n masses mi located in the vertices.
Fig. 2 An example configuration of an inextensible and in-
compressible thread with a fixed point (model (ii)).
The configuration space of this system is not com-
pact and Theorem 1 cannot be applied directly. How-
ever, if we assume that there are no external forces act-
ing on the thread, we can consider the reduced system
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with a compact configuration space. To be more precise,
let x and y be the Cartesian coordinates of some mass
point of the thread and we consider these coordinates
as a part of the set of generalized coordinates. Let the
Hamiltonian function of the system has the form (8).
Since there are no external forces acting on the system,
we can conclude that H does not depend on x and y.
Clearly,
∂H
∂x
= cx = const,
∂H
∂y
= cy = const.
After the Routh reduction w.r.t. variables x and y we
obtain a Hamiltonian system with the Hamiltonian of
the form (9) where H1 ≡ 0 iff cx = 0 and cy = 0.
Therefore, similarly to Propositions 2 and 5, we obtain
Proposition 7 Let us consider a closed n-gon moving
on a plane without friction. The lengths of the sides of
this n-gon equal 1 (n is an odd number greater than 3)
and masses mi are located in the vertices of the polygon.
Suppose that the only forces acting on the system are the
forces of reaction and internal potential forces acting
between the elements of the thread. Let cx = 0, cy = 0
and the Hamiltonian function of the reduced system is
an analytic function of the form (8). Then the reduced
system is not analytically integrable.
If the initial system contains non-zero terms H1 or
at least one of the constants cx or cy does not equal
zero, then the Hamiltonian of the reduced system takes
the form (9). Therefore, we obtain the following result.
Proposition 8 Let us consider a closed n-gon moving
on a plane without friction. The lengths of the sides of
this n-gon equal 1 (n is an odd number greater than 3)
and masses mi are located in the vertices of the polygon.
Suppose that the Hamiltonian function H of the system
is an analytic function and has the form (9) and H
does not depend on x and y. Then the reduced system
is not integrable in the class of polynomials in p with
independent highest degree terms.
3.3 Threads with segments of different length
Everywhere above we assumed that the segments of the
discrete thread are of the same length. Taking into ac-
count possible internal forces acting between the seg-
ments, we can conclude that this setting allows one
to model a broad range of real-life systems. However,
for the sake of completeness, we will consider the cases
when the segments have different length.
First, we will consider model (i). Let li > 0, 1 6 i 6
n be the lengths of segments and l > 0 be the length
between the fixed points. As above, we assume that (4)
holds. Inequality b1(M) > n − 1 plays the key role in
the proofs of Propositions 2 and 3. From Theorem 3 we
have that b1(M) > a1. Therefore, if a1 > n−1, then the
system is not integrable. Let l or lj (for some 1 6 j 6 n)
be the side of the maximal length. If there are at least
n − 1 lengths lik , 1 6 k 6 n − 1 (different from the
maximal length) such that the pair of lengths lik and lj
(or l) is a short subset, then the corresponding system
is not integrable in the sense of Propositions 2 and 3.
Absolutely similar conditions can be formulated for
models (ii) and (iii). For these cases we have to obtain
b1(M˜) > n − 2 where n is the number of segments in
the thread. Therefore, there should be at least n − 2
lengths lik , 1 6 k 6 n− 2 (different from the maximal
length lj) such that the pair of lengths lik and lj is a
short subset.
4 Topological entropy
First, let us recall the definition of the topological en-
tropy (see, for instance, [41]). Let X be a compact met-
ric space with a metric d and f : X → X be a continu-
ous map. Consider the following sequence of metrics
dn(x, y) = max
06i6n−1
d(f i(x), f i(y)).
Consider an open ball B(x, ε, n) = {y ∈ X : dn(x, y) <
ε}. A set U ⊂ X is an (n, ε)-covering ifX ⊂ ⋃x∈E B(x, ε, n).
Let S(ε, n) be the minimal number of elements in an
(n, ε)-covering. Put
h(f, ε) = lim sup
n→∞
1
n
logS(f, ε, n).
Then, the topological entropy of the map f is defined
as
h(f) = lim
ε→0
h(f, ε).
The definition of the topological entropy for flows can
be expressed in terms of the topological entropy for
maps: let us have a flow ϕt : R×X → X, then we put
f = ϕ1.
Remark 2 This definition is based on a metric structure
onX. However, it can be shown that this definition does
not depend on the choice of the metric, provided that
all metrics define the same topology on X. A definition
that is not based on the metric structure has been given
in [42]. The definition given above was first given in [43].
In addition, the first definition of entropy for a dynam-
ical system has been formulated by A.N. Kolmogorov
[44].
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For a geodesic flow on a Riemannian manifold the
topological entropy can be defined as follows [45]:
h = lim
L→∞
1
L
log
∫
M×M
nL(x, y)dxdy,
where nL(x, y) is the number of geodesics of lengths no
more than L connecting points x and y of manifold M .
Positivity of the topological entropy usually corre-
sponds to the complexity of the dynamics of a system.
It can also imply the chaotic behavior of a system [46].
At the same time, the positivity of topological entropy
is not equivalent to the ergodicity and there are non-
ergodic systems with a positive topological entropy.
Let us have a geodesic flow on a closed Rieman-
nian manifold. It is known that for some manifolds it
is impossible to find a metric with zero topological en-
tropy, that is, for any given smooth metric, the entropy
is positive. For instance, if the fundamental group of
the manifold is a group of exponential growth, then the
topological entropy of the geodesic flow is positive. The
details can be found in [43,47], where the problem of
existence of a metric with zero entropy is considered.
In addition, the following has been proven in [43].
Theorem 5 If there exists a metric of negative sec-
tional curvature on a closed manifold, then the geodesic
flow on this manifold has a positive topological entropy
for any metric.
It is known that there exists a metric of negative
curvature on any two-dimensional closed manifold of
genus greater than one [48].
In particular, for the previous discrete models of
threads, the topological entropy can be proven to be
positive when the thread is moving by inertia. To be
more precise, given a thread with two fixed endpoints
and n = 4, the dynamics is described by the geodesic
equation provided the motion of the thread is free (i.e.,
the only forces acting on the thread are the forces of
reaction). The metric is given by the kinetic energy of
the system and the genus of the configuration manifold
is greater than one. Therefore, the topological entropy
is strictly positive.
Similar result holds for model (iii). However, it is
worth mentioning that results about the positivity of
geodesic flows can only be applied here for the cases
where the constants of the Noetherian integrals equal
zero.
To be more precise, we can conclude that the fol-
lowing results hold for two-dimensional configuration
spaces.
Proposition 9 Consider a thread with fixed endpoints.
Let n = 4 and li = 1 for all i. Let the distance between
the fixed points be l < 2 and condition (4) holds. Sup-
pose that there are massive points with masses mi lo-
cated in the joints of the thread and that the only forces
acting on the system are the forces of reaction. Then,
the topological entropy of this system is positive.
Proof It is known that the genus g of the surface equals
b1/2, that is, for our surface we have g = 4.
Proposition 10 Consider a closed thread. Let n = 5
and li = 1 for all i. Suppose that there are five mas-
sive points with masses mi located in the joints of the
thread and that the only forces acting on the system are
the forces of reaction. Also suppose that the constants
of three Noetherian first integrals equal zero. Then, the
topological entropy of the system (after the Routh re-
duction) is positive.
Some results on the existence of a metric corre-
sponding to zero topological entropy for low dimen-
sional manifolds can be found in [49,50,51].
In particular, it was proven in [51] that, given a four-
dimensional closed manifold M with an infinite funda-
mental group, it is only possible to find a metric on M
with zero topological entropy when the Euler charac-
teristic of M is zero.
As a corollaries from this result, we obtain the fol-
lowing.
Proposition 11 Consider a thread with fixed endpoints.
Let n = 6 and li = 1 for all i. Let the distance between
the fixed points is l < 4, l /∈ N. Suppose that there are
massive points with masses mi located in the joints of
the thread and the only forces acting on the system are
the forces of reaction. Then, the topological entropy of
this system is positive.
Proof Consider the case when 1 < l < 4. For the Euler
characteristic we have χ = b0 − b1 + b2 − b3 + b4 and
b0 = b4, b1 = b3. Therefore, b0 = a0 + a4 = 1, b1 =
a1 + a3 = 6 and b2 = 2a2 = 30 (for 1 < l < 2) or b2 = 0
(for 2 < l < 4). We see that χ 6= 0. The case 0 < l < 1
can be considered analogously.
Now we consider model (iii).
Proposition 12 Consider a closed thread. Let n = 7
and li = 1 for all i. Suppose that there are massive
points with masses mi located in the joints of the thread
and the only forces acting on the system are the forces
of reaction. Also suppose that the constants of three
Noetherian first integrals equal zero. Then, the topolog-
ical entropy of the system (after the Routh reduction)
is positive.
Proof From Corollary 3, we have χ = 2(1−6+C26 ) 6= 0.
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Note that the fundamental groups of these systems
are clearly infinite because their abelianizations, the
first homology groups, are infinite.
Note that a result similar to Proposition 12 holds
for model (ii) if we assume that the only Noetherian
first integral equals zero. However, if we do not want
to consider the reduced system and, at the same time,
we want to obtain a configuration space of dimension 4,
then there should be six segments in the closed contour.
If we assume that these segments are of the same length,
then the configuration space will not be a smooth man-
ifold.
For an arbitrarily large n (i.e., for the cases when
the thread is modeled by a large number of segments),
it is also possible to prove that the entropy is positive
based on Theorem 4.
Proposition 13 Consider a thread with fixed endpoints.
Let n > 5 and li = 1 for all i. Let the distance between
the fixed points is l and n−4 < l < n−2, l /∈ N. Suppose
that there are massive points with masses mi located in
the joints of the thread and that the only forces act-
ing on the system are the forces of reaction. Then, the
topological entropy of this system is positive.
Proof From Theorem 4 we have that pi1(M) is free with
n − 1 generators: {i, n + 1} is always short and, con-
versely, {i, j, n + 1} is never short. Hence, pi1(M) is a
free group, that is, a group of an exponential growth.
Note, that for the closed thread with equal segments
from Theorem 4, we obtain that pi1(M˜) is commuta-
tive. Therefore, we cannot conclude that the entropy is
positive. Nevertheless, one can expect the topological
entropy to be positive for these systems as well, yet the
proof of this fact should follow not from the topologi-
cal properties of the configuration space, but from the
metric properties defined by the distribution of mass of
the thread.
5 Conclusion and Final Remarks
To the best of our knowledge, the above propositions
give the first non-trivial applications of the Taimanov’s
theorem [32,33]. Note that, apparently, models (iv) and
(v) are also non-integrable. However, again, this non-
integrability does not follow from the topological prop-
erties of the configuration space ((n − 1)-dimensional
torus), but follows instead from the metric structure
defined by the kinetic energy on this torus.
The next natural question that can be considered is
the generalization of these results for non-integrability
to the cases of spatial motion of the threads. The ho-
mology groups of spacial chains has been obtained in
[52]. In particular, for a closed n-gon where n = 2k+ 1
and all li = 1, odd Betti numbers of the configuration
space (again, considered up to the symmetries of the
Euclidean space) vanish. Therefore, Theorem 1 cannot
be applied and, similarly to models (iv) and (v), non-
integrability does not follow from these topological con-
siderations. Here it is worth mentioning that there is a
conjecture [53] generalizing Theorem 1 that claims that
the system is not integrable if for some k
dimHk(M,Q) > Ckn.
If this conjecture is true, that it is also possible to prove
the non-integrability of spatial threads.
It is also possible to consider another type of thread,
a thread that is inextensible yet can be compressed. In
this case one should assume that the distance between
two consecutive mass points is not equal to li, but does
not exceed this value. From the mechanical point of
view, one can imagine that the mass points are con-
nected not by rigid massless rods, but by inextensible
ropes.
In the simplest case when we have only one mass
point connected to two fixed points. The motion is as-
sume to be free, that is, there are no external forces
acting on the system. Let L be the distance between the
fixed points, l1 and l2 be the lengths of the two ropes
connecting the mass point to the fixed points (Fig. 3).
This system can be considered as a billiard with
a non-smooth boundary. One of the first works where
this system was considered for l1 = l2 is [54]. Later this
case was studied numerically [55,56]. It was shown that
for almost all distances between the fixed points, the
system is not ergodic, since there exist stable periodic
trajectories. Apparently, for l1 6= l2, the ergodicity of
the corresponding billiard systems is not exceptional.
To be more precise, in the two-dimensional space of
parameters l1/l2, L there is a set of non-zero measure
corresponding to the ergodic systems [57]. This set is a
subset of all systems with the hyperbolic periodic tra-
jectory of period 2 (this trajectory corresponds to the
horizontal periodic motion in Fig. 3). Note, that the
stability of the elliptic trajectory of period 2 has been
rigorously established in [58], of course, these systems
cannot be ergodic.
The dynamics of two and more mass points con-
nected by inextensible ropes is even more complex and,
to the best of our knowledge, has not been studied —
at least numerically — before.
However, it is possible to obtain a geometric result
concerning the dynamics of the compressible threads
provided that we consider ‘almost inextensible’ threads.
Let us have n massive points moving on a plane without
friction and the first and the last points are fixed. We
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Fig. 3 An example configuration of a simple model of an
inextensible and compressible thread with two fixed points.
assume that the point with number 2 6 i 6 n−1 inter-
acts with points i−1 and i+1 and the potential energy
of this interaction has the form U(ri−1,i) + U(ri,i+1),
where ri−1,i and ri,i+1 are the distances between the
corresponding points and U(d) is a smooth monotonous
function such that U(d) ≡ 0 for d 6 1 and U(d)→ +∞
as d → +∞. Let the Lagrangian of the system have
the form (10), that is, we assume that there can be
external potential and gyroscopic forces acting on the
system. Since the total energy L2 − L0 = h, where
h ∈ R, does not change along the solutions of the con-
sidered system and L2 > 0, then for any solution we
have −L0(q) + h > 0. Therefore, for a given energy h,
the possible motion area Bh is defined as follows
Bh = {q : − L0(q) + h > 0}. (12)
If U(d) is a rapidly increasing function, then, for a fixed
h, the maximum distance between any two consecutive
points is close to 1, that is, the thread is ‘almost inex-
tensible’. The following result is proved in [59]
Theorem 6 Let Bh be a compact region and there are
no critical points of L0 at boundary ∂Bh. If the in-
equality 4(h+ L0)L2 > L
2
1 is true in Bh \ ∂Bh for any
q˙ 6= 0, then any point inside Bh can be connected with
the boundary ∂Bh by a solution of energy h.
This result in some sense complements Proposition
4: we obtain that any configuration of the thread in
the possible motion area can be obtained if we start
from the boundary ∂Bh. In particular, if L1 ≡ 0, the
potential energy of the external forces acting on the
system is bounded and h is relatively large, then we can
conclude that any configuration in Bh can be obtained
from another configuration such that at least one pair
of massive points are under tension (the corresponding
distance is slightly greater than 1).
In conclusion, returning to the question of non-integrability,
we would like to mention an interesting parallel between
the non-integrability of threads with inner interactions
between the elements, which can be considered as var-
ious models for elastic properties of the system, and
the classical wave equation describing the motion of an
elastic string with fixed endpoints. In contrast to our
model of the thread, this equation can be integrated ex-
plicitly and the general solution is a sum of the standing
waves. The key difference between these two systems is
that the wave equation describes the motion of an ex-
tensible string. Therefore, it may be useful to consider
yet another model based on a planar or spatial polygon
with extensible sides. The topology of such systems has
been already studied in [60].
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